Neutrino flavor mixing is discussed in terms of two-component coupled lefthanded flavor fields. This is to take into account the fact that the weak interaction couples only to left-handed fields. The flavor fields are written through a rotation matrix, as a linear combination of left-handed free fields.
I. INTRODUCTION
In Ref. [1] we have discussed neutrino flavor mixing by assuming that neutrinos are described by Dirac fields. However to take into account the fact that neutrinos are created with negative chiralities, we were forced to consider only left-handed wave functions as observable wave functions.
In this paper we want to consider a Lagrangian which is only a function of left-handed, but not right-handed fields.
More specifically, neutrino flavor mixing is discussed in terms of the two-component fields ψ e L and ψ µ L , defined by
with ψ e and ψ µ Dirac fields. These fields satisfy the following Lagrangian [2] 
where m e and m µ are the electron and muon neutrino masses respectively, δ is the coupling constant, and ψ c eL and ψ c µL are the so called charge-conjugate fields defined in the chiral representation by
We assume that neutrinos are produced through some weak interaction process and then they mix in flavor accordingly to the Lagrangian given by Eq. (2).
The Lagrangian given above allows for exact diagonalization. The rotation matrix between the coupled fields ψ eL and ψ µL and the free uncoupled fields ψ 1L and ψ 2L , which diagonalizes Eq. (2), is the same as the one obtained in Ref . [1] .
The neutrino left-handed fields ψ eL and ψ µL are written as linear combinations of the left-handed free fields ψ 1L and ψ 2L through this rotation matrix. The two-component free fields ψ 1,2L are described by the Lagrangian of the Majorana type [3] 
Therefore there is no distinction in this theory between particles and anti-particles.
Neutrino flavor wave functions are derived as matrix elements of the fields ψ 1L and ψ 2L
between the vacuum state and one-particle states. In order to obtain properly normalized wave functions directly from those fields, a suitable combination of one particle states has to be considered, as described in the following section.
Neutrino flavor oscillation probability amplitudes are also derived. The standard neutrino oscillation probabilities, derived in the literature from a quantum mechanical treatment, are recovered in the field theory treatment only in the relativistic limit. The same limitation occurs also for Dirac fields.
The paper is organized as follows. In Sec. 2, the lagrangian density, given by Eq. (4) is considered. In Sec. 3, the Lagrangian (2) is diagonalized and neutrino flavor oscillations are discussed. The last section closes with some concluding remarks.
II. LEFT-HANDED (MAJORANA) FERMIONS
As stated in the Introduction, we will review and study here the following Lagrangian
which differs by a total derivative from the Majorana lagrangian density (see for example [4] [5] [6] [7] [8] ).
In the chiral representation the left-handed fields ψ L and ψ c L are
where
 , φ and χ are two-component fields, in particular
In terms of the fields φ and φ † , the Lagrangian given by Eq. (5) becomes
with σ = (1, − − → σ ).
Because the matrix σ 2 is anti-symmetric the mass terms φ α σ 
The equation of motion for the two-component field φ is
We first solve Eq. (10) for the momentum p along the z-axis and then we generalize the result to three dimensions. We consider the ansatz
where a p and a † p are Grassmann numbers and u and v are two component c-number spinors
By substituting Eq. (11) into Eq. (10) we obtain two set of solutions, one is
and the other one is
The solutions are equivalent if
The solution to Eq. (10) for a given momentum p and positive energy E = √ p 2 + m 2
can be written as
The solution corresponding to E = − √ p 2 + m 2 is equivalent to the one above with the substitution p → −p ′ , therefore in this theory we have only one type of particle.
It is easy to see that the components of φ p (z, t) satisfies the condition, given by Eq. (9), if the operators a(p, 1) , a(p, 2) satisfy the Grassman algebra
and
The phase between u 2 , v 2 can be chosen in such a way that
The general solution is given therefore by
with
The result given by Eq. (19) can be generalized in three spatial dimensions as follows.
Given the spin base χ (1) , χ (2) , such that
with p = | − → p |, for example
we can write the two spinors u p and v p defined in Eq. (12) as a linear combination of the spin base defined in Eq. (21). The ansatz, given in Eq. (11), can be therefore generalized
By inserting Eq. (23) into the equation of motion (10) and by noticing that
we get the same solutions as given in Eqs. (13), (14), (15), (17) and (18).
Therefore the general solution can be written as
In terms of its components, the field φ(x, t) can be written as
The constant λ p is chosen in such a way that the equal time anti-commutation relations
hold, i.e.
The field φ(x, t) describes a particle which can be in two different states of helicity, corresponding to the states χ (1) and χ (2) . However the physical interpretation of the field φ(x, t) poses some problems. For example, the one-particle state |p, i >= a † pi |0 > gives wave functions which are not properly normalized
The only way to obtain properly normalized wave functions is to consider states such as
The wave function associated with |φ > pL is
This wave function describes a left-handed particle which is in a state of mixed helicity with the positive helicity suppressed by the factor m E+p .
III. FLAVOR MIXING
The Lagrangian given by Eq. (2) can be written in terms of the fields φ e and φ µ where
with M 1 given by
when applied to the fields φ 1 and φ 2
uncouples the Lagrangian given by Eq. (33). The uncoupled Lagrangian is given by
The fields φ 1 and φ 2 which have been discussed in Se. 2, are free fields of masses m 1 , m 2 respectively
The electron and neutrino field operators φ e and φ µ are related to the diagonal (uncoupled) field operators φ 1 and φ 2 through the rotation matrix U defined in Eq. (34).
For a given momentum p and spin i = 1, 2, there are two possible one-particle states, one associated with the field φ 1 and the other one with the field φ 2 , i.e.
The wave function associated with the state
is
This represents a plane wave of mixed helicity. In any location inside the volume V there is a probability equal to (
) of finding the neutrino in the electron flavor and probability equal to (
) of finding it in the muon flavor. Similar consideration can be applied for the other state of given momentum |φ 2 > pL = |2(p, 1) > +|2(p, 2) > .
To be able to describe neutrino flavor oscillations, we need to consider a linear combinations of the states |φ 1 > pL and |φ 2 > pL , such as
The matrix element
gives the probability amplitude of finding a neutrino of momentum p at the space-time point (x, t) with the electron flavor. In the same way, the matrix element
is the probability amplitude for the muon flavor.
The coefficients A and B in Eqs. (48) and (49) are determined through the initial boundary conditions.
However, it is possible only in the relativistic limit, when the term m E+p ≃ 0 in Eqs.
(48), (49), to have only one given flavor. This limitation occurs also for Dirac fields. The procedure illustrated in [1] to obtain neutrino flavor oscillation amplitudes is valid in the relativistic limit, because the condition given by Eq. (47) holds only in that limit. Other authors by using different approaches have found the same limition. [9, 10] In the relativistic limit, Eqs. (48) (49) can be approximated as
(AM 1 e −iE 1 t − Be −iE 2 t )χ (2) .
The coefficients A and B are determined from the initial boundary condition. Suppose for example that at t = 0 φ µL (x, t = 0) = 0, (2) .
These amplitudes squared give the standard neutrino oscillation probabilities as described in [1] .
IV. CONCLUSIONS
We have discussed a model to describe neutrino flavor mixing which takes into account the fact that neutrinos are created through weak interaction, which couples only to lefthanded fields. The flavor wave functions are in a superposition of states of mixed helicities.
The standard neutrino oscillation probabilities are obtained in the relativistic limit.
